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Abstract 



We compute the partition function on S''^ of 3d A/" = 4 theories which arise as the 
low-energy hmit of 4d = 4 super Yang-Mills theory on a segment or on a junction, and 
propose its Id interpretation. We show that the partition function can be written as an 
overlap of wavefunctions determined by the boundary conditions. We also comment on 
the connection of our results with the 4d superconformal index and the 2d g-deformed 
Yang-Mills theory. 
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1 Introduction 



The aim of this note is to study the partition function on of a class of 3d A/" = 4 theories 
which arise as the 4d A/" = 4 theory with gauge group G = SU(A^) put on a segment or a 
junction. We will see that the resulting partition function can be understood in terms of 
an overlap of wavefunctions, associated to the boundary conditions of the segment or the 
junction. 

The first class of theories we discuss is the T^[SU(A^)] theory introduced in [1], where 
p and a are partitions of A^. This arises as the low energy limit of 4d A/" = 4 SU(A^) Yang- 
Mills on a segment with two boundary conditions labeled by p and a, with an S-duality 
wall between them (see Fig. [1]). This theory has mass deformations ( and m associated to 
p and a, respectively. We evaluate the partition function of this theory using the matrix 
model reduction [2] and will find that it has a universal form 

Z[r;[SU(iV)]] = (p,C|5|a,m). (1.1) 

Here, the kets \p,C)y "'^i) are states in the Hilbert space "H, the space of wavefunctions 
defined on the Weyl chamber of SU(A^) Lie algebra, and S is essentially the Fourier 
transformation on it. This result has the following natural interpretation. We have the 
4d theory on times an interval. When the size of is small, the system can be 
regarded as a Id theory on the segment, with initial and final states determined by the 
boundary conditions. The segment represents a time evolution and the S-duality wall 
inserts a corresponding operator S to the theory. By taking the limit where the segment 
is also short, the time evolution drops out, and we have an overlap of wavefunctions (11. ip . 



S-duality wall 
(P, C) (c^, 



Figure 1: A graph with two boundary conditions p and a. The wavy line represents an 
S-duality wall. 

The second class of the theories we discuss is the 3d version of the T^''^'^'''^ theory 
introduced in [3]. The 4d version of this theory is generically non-Lagrangian, and the 
expression of its superconformal index is recently conjectured in [1] via its relation to the 
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g-deformed two-dimensional Yang-Mills. When it is put on and the low-energy limit 
is taken, this theory has a mirror quiver description [5] and the partition function can be 
calculated using the partition function of T^[SU(A^)]. We find that the partition function 
is given by 

where \Tn))) is a state defined in Ti^ by the Tn = x^''"'^^'^^''"'^^'^^''"'^'^ theory. See Fig. El 



PI 




(((Tiv|(|pi,Cl)® |P2,C2)® |P3,C3)) 



P3 P2 

Figure 2: A trivalent graph with three boundary conditions pi, p2 and ps. |T/v))) acts as 
a boundary condition at the center of the trivalent vertex. 

We will see that this form (11. 2p naturally arises as the small-radius limit of the su- 
perconformal index of the 4d Tj^^'^'^'Ps ^^j^gQ^y proposed in [1], following the procedure of 
PjEIIH]. One essential ingredient in their proposal was the character XRxi^) of ^ group 
element U in the representation R whose highest weight is A. The limit is taken by first 
setting 

27rm ~ -/3X , U ~ diag(e-^'^^\ e-^^^^ . . . ,6"^^^^) , (1.3) 

and letting /3 — )• 0, keeping ( and m fixed. We will see that, roughly speaking, 

Xb{U) ^ {C\S\m) , (1.4) 

in the small /3 limit. Thus, two distinct mathematical objects, the representation R 
and the group element U both become the Lie-algebra-valued objects ( and m, and are 
completely on the same footing in 3d. 

The rest of the paper is organized as follows. After briefly reviewing the 4d = 4 
theory on a segment in Sec. 12.11 we compute in Sec. 12.21 and 12.31 the partition function 
of the T^[SU(A^)] theory by localization [2], and find a succinct expression with manifest 
mirror symmetry. In Sec. 12. 4[ we give an interpretation of the partition function as an 
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overlap of wavefunctions of a Id theory on the segment. In Sec. [3], we show that the 
partition function of the 3d theory T^'''^'^^ arises as a hmit of the superconformal index 
of the 4d theory T^'''^''''^ . We also comment on the relation of our Id system with the 
g-deformed 2d Yang-Mills theory. We conclude with a short discussion in Sec. HI We have 
a few appendices: in Appendix A, B, C and D, we provide further details of calculations, 
checks and proofs. In Appendix [El we show the invariance of the partition function 
of the mirror quiver of the 3d En theories. 

Note: When the authors barely started preparing the manuscript, the paper [9] ap- 
peared, which has a substantial overlap of wavefunctions with this manuscript. The 
paper [10] also has a small overlap. 



2 r;[su(A^)] 



2.1 4d Super Yang-Mills on a Segment 

Let us put 4d A/" = 4 theory with gauge group G = SU(A^) on a segment, with half-BPS 
boundary conditions at the ends. To describe the boundary conditions, we split six scalar 
fields $i,...,6 of the theory into X = Xi^2,3 and Y = Yi^2,3- From the viewpoint of the 3d 
theory, X is in the vector multiplet and Y is in the hypermultiplet. Let us denote by y 
the distance to the boundary. A class of boundary conditions which preserves a fixed half 
of 32 supercharges is described by an embedding p : SU(2) — SU(A^), which controls the 
Nahm pole of X close to y = 0: 

Xi^p{U)/y, (2.1) 

where ti {i = 1, 2, 3) are three generators of SU(2). Note that p is specified by a partition 
= ni + n2 + - ■ ■ + nk, which we denote by p = [rii, . . . , n^]. We order rii so that rii > nj+i. 
Then 

p[h) = I diag( ^ , . . . , — — , . . . , — — - — ) . (2.2) 

V ' ^ V ' 

Let Wk the number of times the integer k appears in the partition p. Then the subgroup 
of SU(A^) commuting with p(SU(A^)) is given by 

GP = S[V{wi) X V{w2) X ■ ■ ■ V{wn)] C SU(A^) , (2.3) 

and it remains as the flavor symmetry acting on the boundary. We denote this boundary 
condition by px- We can similarly consider the boundary condition py. These boundary 
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conditions preserve dilatation centered at the boundary. One can modify the boundary 
condition (12. ip so that one has 



~p(t,)/y + 5i,3m , (2.4) 
where m is in the Cartan of the Lie algebra of C: 

m = i diag( mi, . . . , mi , . . . , mfc, . . . , m^ ) . (2.5) 

ni nk 

When p = [!,...,!], there is no Nahm pole. We refer to this boundary condition as the 
Dirichlet boundary condition. 

Let us consider a domain wall, which we call the S-duality wall, across which the 
S-duality of A/" = 4 super Yang-Mills is taken. We put the 4d A/" = 4 theory on a segment, 
with ax on the left and py on the right, and the S-duality wall in between. The low- 
energy limit is called T^[SU(A^)] [1]. Recalling that X and Y are in the vector and the 
hypermultiplet, respectively, we find that T^[SU(A^)] is the 3d mirror of T^[SU(A^)]. For 
convenience, when p or a is equal to [!,...,!], we often drop it from the notation. For 
example, Tp[SU(A^)] is an abbreviation for t]^''"'^' [SU(A^)]. 

S-duality wall S-duality wall 



cry » 




* PX 



Figure 3: Mirror symmetry between and theories. The low-energy theory is called 
when the S-duality wall is close to the right boundary px, while it is called when 
the wall is close to the left boundary ay. 

4d A/" = 4 SU(A^) super Yang-Mills arises as the low-energy limit of the theory on N 
D3-branes. Then, px for p = [ni, . . . ,nk] is realized by putting k D5-branes extending 
along X, so that rij D3-branes end on the i-th D5-brane. 

This allows us to find a linear quiver realization of Tp[G]: we move the S-duality 
wall to the boundary specified by p = [rii, . . . , rifc], turning D5-branes to NS5-branes. 
Rearranging them so that the low-energy gauge group can be straightforwardly read off, 
we find that the low-energy limit is given by the quiver gauge theory shown in Fig. |4]with 
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Figure 4: The quiver for r^(SU(A^)) theory. A circle represents \J{vi) gauge groups, a box 
represents U(wj) flavor symmetry, and the hne connecting two unitary groups represents 
hypermultiplets in the bifundamental representation. 

gauge groups U(f j) {i = 1, . . . , k — 1) where 

Vk-i = nk, Wi = Wj+i + rij+i for i = 1, . . . , /c - 1 . (2.6) 

with additional flavors for U{vi). 

The quiver for T^(SU(A^)) can also be found by rearranging the NS5- and D5-branes. 
See Fig. |5]for an example. The result is again of the form given in Fig. |H It has gauge 
groups U(wj) with Wi additional flavors for i = 1, . . . , k — 1. Here, f j and Wi are related 
to p = (rii) and a = (ui) as follows: 

cr= ., ...,g, ...,g,...] , (2.7) 

and 

Uk = Vk-i, rii = Ui+i - 2vi + {wi + Vi+i + Vi^i) for z = 1, . . . , /c - 1 . (2.8) 

See an example in Fig. [51 This rule was originally written down from the consideration 
of the Higgs branch in [11]; it can also be derived from the brane rearrangement in [1]. 

The theory [G] is known to be empty [HI [T] unless cr-^ > p, where p' > p is defined 
by the condition 

k k 

for all k , (2.9) 

i i 

and a'^ denotes the transpose of a. p' > p is equivalent to p'^ > p'^ . This condition 
ensures > 0. 

We can deform the boundary conditions by the mass deformations m, C for cr, p, 
respectively. In terms of the linear quiver, m comes from the mass parameters of Wi 
fundamentals, and C comes from the Fayet-Iliopoulos (FI) parameters aj of U(wj). 

The partition function of this theory on S*^ can be exactly evaluated by a matrix 
integral [2], composed from the following ingredients: 
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Figure 5: An example of brane construction of T^[SU(A^)] theory with p = [1,1,1,1] 
and a = [2,1,1]. The circle "(8>" stands for an NS5-brane, and the dotted and solid 
lines denote D5- and D3-branes, respectively. When 5-branes are rearranged, some of 
D3-branes are annihilated due to the Hanany-Witten effect [12]. 



• For each gauge group U(f j), we have integration variables 0"^ = (cj^i, . . . , o^i^y^) with 
the measure 

^ jda.A'ia,) , (2.10) 

where 

A((t) = JJsinh7r(aa - at) . (2.11) 

a<b 

• We have a factor exp(27rzaj Xla*^*,") coming from the FI term. 

• Each bifundamental of U(wj) x U(wj+i) contributes a factor in the integrand 

n w ^ — T (2.12) 

-LJ- cosh7r(cri,„ - CTj+i^fe) . 

a,b ' 11' 

• Each fundamental of mass m of U(fj) contributes a factor in the integrand 

n cosh7r(cri,a - "^) • (2.13) 
We denote the resulting partition function by Z[Tp[S\J{N)]]{(,m). 
2.2 r[SU(iV)] 

We begin with the partition function of the theory T[SU(A^)], whose quiver diagram is 
shown in Fig. El We have mass parameters m = (mi, . . . ^ttin) and FI parameters a = 
(«!, . . . , oat-i). We define ( = (Ci, • • • , Ca^) via the relation = Q+i—Q (i = 1, . . . , A^— 1). 
Both m and C are subject to the constraints '^^rrii = = of the SU(A^) group. 
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a7V-l ctl mi ■ ■ • m]\[ 

— CiY- H^v^ 



Figure 6: A quiver diagram of the T[SU(A^)] theory. 



The partition function of this theory is given by a concise expression, with manifest 
mirror symmetry [9l [10] : 

zir[su(iv)ll(c.m) = ■ (2-") 

Here, A(C) is the sinh Vandermonde determinant 

A(C) = nsinh7r(0-C,) , (2-15) 

i<j 

and w is an element of the Weyl group W of SU(A^), acting on the mass and FI parameters 
by permutation, i.e., m ■ w{() = 'Yl,i'''^iCw(i)- 

It is natural to generalize the expression f l2.14p to an arbitrary gauge group. The 
expression is manifestly invariant under the S-duality G ^ 

Z[r(G)](C,m) = ■ ... , (2.16) 

where is a Weyl group of the gauge group G, and l{w) is the length of the Weyl group 
element, and 

AG(m) = JJ sinh(7rA ■ m) . (2.17) 

A : roots of G 

2.3 r;[su(iv)] 

Let us next describe the partition function of T^[SU(A^)]. For p = [ni, . . . , n^], we have 
FI terms Ui assigned to the quiver. We then define in the Cartan of G as 

Cp = p(t3) + diag(Ci^_^^,...,Cfc^_^^) , (2.18) 

ni rife 

where 

s-l 

C = J2(yt, (ao = 0). (2.19) 



t=Q 
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See Fig. [7^ for an example. 

For cr = [z/i, . . . , z/^], we have mass terms m^.s of the s-th fundamental hypermultiplet 
of l]{va), where s = 1, . . . , Wa- We then define m in the Cartan of G as 

rrig = ajts) + diag( m;„ . . . , m^^ , . . . , mi, . . . , mi ) , (2.20) 

where 

m = (mi,i, . . . ,mi,^,, . . . ,mfc-i,i, • • . ,rhk-i,Wk-i) ■ (2.21) 

See Fig. [7b for an example. 

We then define a reduced Vandermonde determinant Ap(C) as a product of a Vander- 
monde determinant for variables associated with boxes in each row, i.e., 

\iO = llll^^^^T^iiCpka - iCpkb) , (2.22) 

i a<b 

where the indices a, b run over boxes in a given row. 

Then, we propose that the partition function of T^[SU(A^)] is given by 

zmsv(Nmc'n) = m ^-"a„(J)a,(o — ■ (2-23) 

making the mirror symmetry manifest. A few examples confirming this proposal are 
presented in AppendixjAj and we present a proof of fl2.23p when cr = [1, . . . , 1] in Appendix 
[BI We provide another consistency check in Appendix [C] by showing that our answer 
fl2.23p is non-zero only when > p, which agrees with the fact that Tp is non-empty 
only when > p, as we recalled in Sec. 12.11 

Note that the real parts of ( and m defined in (12.181) and (I2.20p is in the Cartan of the 
flavor symmetry or G'^, but the imaginary parts of p{t^) and (T(t^) are not. In fact, 
the vector ( is exactly of the form that the state with momentum ( in the Toda theory is 
a unitary, semi-degenerate state of type p [T3l [H] . This is natural from the point of view 
of [15] where the theory acts as a duality kernel of the Toda theory. 



2.4 Id Interpretation of the Partition Function 

The partition function of the T[SU(A^)] theory (I2.14p is a Weyl-invariant kernel for the 
Fourier transformatioill]- Using the standard measure J dmA{m)'^ of the matrix model 

"'^The role of the Fourier transformation in mirror symmetry is discussed in |161 117) . 
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J713 17121 "T-2,2 mi 



ni-i + i 1712.2 + ^ ni2.i + ^ nil 



m-j m2.2 — 7'n2.i ^ : 



Figure 7: a) An example of the general rule defining C, in terms of FI parameters 
associated with Tg[SU(A^)] theory. The reduced Vandermonde determinant becomes 
Ap(C) = (cosh 7ra)^(sinh7r/3)^ cosh 7r7 (cosh 7r(a + cosh 7r(/3 + 7)sinh7r(a + /3 + 7). 
If the flavor symmetry is taken as U(8) symmetry and given an FI parameter 5, all the 
parameters in the Young diagram will be shifted by 5. b) An example of the general rule 
for defining m in terms of mass parameters associated with T''[SU(A^)] theory. This is 
mirror to the theory above. 
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of [2], one can prove the following identity: 

JdCA\OZ[T[SV{NmmX)Z[T[SV{NmCm')=^-^^^ (2.24) 
where Swi'^i'fn') is the Weyl-invariant delta function defined by 

S^{m, m') = ^ Yl (-1)"<^('^ - ^M) • (2.25) 

The theory T[SU(A^)] comes from a 4d theory on a segment with an S-duality wall in 
between two Dirichlet conditions. Then it is natural to interpret Z[T[S\J{N)]]{(,m) as 
the matrix element of the operator S of the Id quantum mechanical system: 

Z[r[SU(iV)]](C,m) = (C|5|m), (2.26) 

where |m) and \() are two states in Ti, the space of functions on the Cartan of the Lie 
algebra of the gauge group SU(A^). We assume that the states \m) satisfy 

(mlm') = /^^\ cind [ dm A"^ (171)1171) (ml = 1 . (2.27) 

Then the relation (I2.24p is equivalent to iS^ = 1. Intriguingly, the measure factor is the 
Vandermonde determinant of SL(A^, M) group, not of SU(iV) group we started with. The 
wavefunction can also be thought of that of fermionic particles moving on a line. The 
Hamiltonian cannot, however, be determined from this analysis. 
The partition function Z[T^[SU(A^)]] can now be written as 

Z[T;[SU(7V)]](C,m) = {pX\S\a,m) , (2.28) 

where the state |p, Q is given by the wavefunction 

HAC) = ;^f^. (2.29) 

A(m)Ap(C) 

3 Tjv and g'-deformed 2d Yang-Mills 

Another important boundary condition [5] is defined at the junction of three edges. We 
consider the simplest one, which gauges the diagonal combination of three SU(A^)s. Now 
we put one S-duality wall on each segment, and put the boundary conditions pi,2,3y at 
the other ends. The low-energy limit is the 3d version of Tj^^'''^'''^, which can also arise as 
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Figure 8: 4d SYM put on a junction, in two S-dual descriptions, a) When three S-duahty 
walls are close to the junction, we have the Tjy theory at the center, and Nahm poles 
Pi,2,3 at the other ends of the segments. This figure represents the same theory as that 
of Fig. [21 b) When each S-duality wall is close to each end of three segments, we have a 
theory given by a star-shaped quiver. These theories are mirror to each other. 

the compactification of the 4d y^^'^'^'Ps theory [5]. If we put all three S-duality walls 
very close to the junction, as shown in Fig. |8^, we have Nahm poles at the ends and the 
theory T/v = T^'---'^^'^^'---'^^'^^'---'^^ at the center, giving a non-Lagrangian theory. If we put 
all three S-duality walls very close to the ends of three segments, as shown in Fig. [8b, we 
go to a mirror description which is given by a star-shaped quiver. In this description the 
evaluation of the partition function is simple, and we obtain 

3 

^[Ti^"'"''1(Ci,C2,C3) = / rfmA2(m)n^[TpJSU(iV)]](0,m) , (3.1) 

i=i 

= (((Tjvl (|pi, Ci) ® |P2, C2) ® |P3, C3)) , (3.2) 
where |T/v))) is a state in 'h} and is the wavefunction determined by the T/v theory: 

^[T^](Ci,C2,C3) = (((T/vl (ICi) ® IC2) ® IC3)) ■ (3.3) 

This class includes the 3d version of -£^6.7,8 theory; they are respectively j'^^'-'^'^l'l-'^'^'-'^l'I^'-'^'^l^ 
jiji, 1,1,1], [1,1, 1,1], [2, 2] ji^i, 1,1, 1,1,1], [2,2, 2], [3,3]^ rjj^^ mirror of these theories are Lagrangian the- 
ories whose quiver diagrams are given by the extended Dynkin diagram of En- We will 
prove the invariance of the partition function of these theories under the Weyl group of 
ii^e j,8 in Appendix [E| 

This result can be compared with the superconformal index of the 4d version oiT^'^'^''"^ 
theory proposed in [1]: 

1 ^ 

(f/i,t/2,t/3) = Ar,,,,„,3(g)5^^— -^n-^p=(f^^)^«^(f^^) • M 



A '' ^ s=l 
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This formula is proven for = 2, and there are many checks for N > 2 with various 
types of punctures. Let us describe the quantities used in the formula. 

• q = measures the ratio of the radii of and S^. 

• Us {s = 1,2,3) is a diagonal matrix encoding the chemical potentials of the flavor 
symmetries 

= diag(e-*^(^''»^0 , (3-5) 
where (p^ is chosen to have the form fl2.18l) for p = ps, see [1]. 

• Rx is the irreducible representation of SU(A^) with highest weight A. 

• XRxiU) is the character oi U = diag(g*''^) in the representation given by the 
Weyl character formula 



^ ' nj<fcSmf(0-Cfe) 

where g is the Weyl vector. 

dim^ Rx is the g-deformed dimension : 

sinhf(Aj - Xk + k- j] 

j<k 



(3.6) 



dimo Rx = TT a 

' sinhf(A;-j) 



(3.7) 



Ap{U) is a normalization factor for each p, known to be 



v4.[i,...,i](f/) = exp 

for p= [!,...,!]; 

A[N^i,i]iU) = exp 
for p = [A^ — 1, 1] and U = diag(ag 



°° 1 
1 — o" n 

n=l 



71=1 



(3.8) 



n 



(3.9) 



iV-2 
2 . 



A[2,2]{U) = exp 



,aq^ 2^ and 



g"(l + g") a^^^ + a'^" 



1 - g" 

n=l 



n 



(3.10) 



for p = [2,2] and U = diag^aq^^"^ , aq ^/^,a ^g^/^,a -"^Z^). The general form is not 
yet known. 
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• Finally, N'pi,p2,p3 is a normalization factor independent of the chemical potentials U. 

The /3 — > limit O [71 E] can be taken nicely by defining 

27rm = -/3A , (3.11) 

keeping m fixed. This converts the sum over A to an integral over m. As for the integrand, 
we find 

in the /9 — >■ limit, up to a divergent overall factor only depending on (3. Similarly, 

ApiU) ^'^'^^^^^^^^^^ ^^^^'^ , (3.13) 

for the known cases p = [1, . . . , 1], p = [A^ — 1, 1] and p = [2, 2]. See Appendix [D] for 
details. Assuming the validity of fl3.13p for general p, the /3 — )■ limit of (13. 4p becomes 
(13. 2p . This analysis can be thought of as another check of the general proposal in [1], and 
also a clue to find a general formula for the normalization factor Ap{U). 

Intriguingly, a discrete label A for the representation R becomes a continuous param- 
eter m. The parameter U in the group became a parameter in the Lie algebra (. Then 
the pairing Xr{U) became {m\S\(), in which ( and m play symmetric roles, which was 
not the case in 4d. 



4 Remarks 

In this paper, we studied the partition functions of 3d theory T^[SU(A^)] and T^^'''^'''^, 
which arise as the low-energy limit of 4d A/" = 4 SYM placed on a segment and a junction 
with half-BPS boundary conditions. The theory T^[SU(A^)] has a linear quiver descrip- 
tion, which makes it possible to perform the evaluation of the partition function. We 
saw that the partition function is given by the overlap of wavefunctions given by two 
boundary conditions, making the 3d mirror symmetry of and manifest. 

The theory T^''''^'''^ is usually non-Lagrangian, but its 3d mirror has a Lagrangian 
description, with which the partition function can be readily evaluated. We saw that the 
result again admits an interpretation in terms of the overlap of the wavefunctions. We 
also successfully compared the partition function of T^^''^^''^^ with the zero-radius limit 
of the superconformal index of the corresponding 4d theory. We pointed out that the 
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representation label and the holonomy label both reduce to the labels in the Cartan of 
the Lie algebra and to play symmetric roles. 

One shortcoming in our analysis is that we only studied the 4d theory on a segment 
in the limit where the length of the segment can be ignored. Therefore we could only 
identify the wavefunctions of our quantum mechanical system. It would be desirable to 
study the theory at nonzero length of the segment. This would enable us to determine 
the Hamiltonian of the Id theory. 

Another is our cursory analysis of the relation to the g-deformed Yang-Mills. In jl] 
the equivalence of the superconformal index with the partition function of the g-deformed 
2d Yang-Mills was discussed. The system treated in this note is a reduction on x 
of this higher dimensional system. This point deserves further study. The relation to 3d 
5'L(A^, M) Chern-Simons theory [THl [19] which should be behind the g-deformed Yang- 
Mills will also be interesting. 
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A Examples 

In this Appendix we present several explicit examples of our 3d partition functions. These 
examples serve as the checks of mirror symmetry as well as the expressions given in the 
main text. 
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Figure 9: ^ ^][SU(4)] theory and the assignment of the FI parameters to a given Young 
diagram . 

A.i r;[su(4)] 

We begin with i [SU(4)] theory whose quiver is given in Fig. [91 The partition function 
of this theory is given by (cr2 = (cr2,i, (72,2)) 

/p2Tri(a[a2]+l3ai) 
da,da,/^\a,)- , (A.I) 

c(cx2 - cri)c[m - (Xs) 

where we used a shorthanded notation 

da ■= JJ dai , [a] := ^ , (A.2) 

i i 

and 

c(cT - p) := J]^ cosh 7r(o-j - pj) , s(cr - p) := J]^ sinh 7r(o-j - p^) , (A.3) 
for vectors a = (ai, . . . , ak) and p = (pi, . . . , p^). After evaluating the integral, we have 

Z[T,, 1 11 [SU(4)]] = K [e2niia+(S)rm+am, ^-^^ ^^^^ _ ^^-^ ^ (perm.)] , (A.4) 

' A(m)A(a) 

where we have 4! signed permutations of rrii such that the expression is invariant under 
permutations of mj, and we have defined 

A(a) = cosh(7ra) sinh(7r/3) cosh(7r(a + /?)) . (A. 5) 

The first term inside the bracket can be written as 

J]e2-^-(-) where ( = (a + f3,a/-, -'-) . (A.6) 

Moreover, A(a) is equivalent to A[2,i,i](C)- The graphical rule for representing ( is also 
shown in Fig. O 
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a 



mi 1712 "^3 
Figure 10: A quiver diagram of r'^'^'"'^^ [SU(4)] theory. 

A mirror theory is a Tt^'^'^l[SU(4)] theory with a quiver shown in FigHUl The partition 
function is given by 

p27ri(a[(T3]+/3[(T2]+7o-i) 

, (A.7) 



c((T2 - ai)c{mi - o-2)c(cr3 - cr2)c(a-3 - m2)c{as - m^) 



where we used the shorthanded notation: (jj = ((Tj,i,crj2) {i = 2,3). After integration, 
one finds that it takes the same form as in flA.4l) with the change of the parameters: 



/3 B B 

mi -a - - , m2-^ -- , mg - , 

a — )■ m3 — m4 , /3 — m2 — mg , 7 — )■ mi — m2 



and we thus checked the mirror symmetry between the T^^'^'^\S\J (A)] and T^^^^^j [SU(4)] 
theories by exphcit calculation of the partition functions. 



ms 




a mi 7722 




Figure 11: A quiver diagram of Tjg 'j^'^^j^ [SU(4)] theory. 



We give one more example with self-mirror symmetry: Tj-^i^ [SU(4)] theory, with the 
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quiver diagram shown in Fig. [TT] The partition function is given by 

„27rj(a(T2+/3(Ti) 



C"2 ~ ''^i) cosh7r((T2 — 7712) cosh7r(cr2 — CTi) cosh7r(cri — m^) 

g27ri(a+/3)mi g27ri(a+/3)m2 



sinh 7rmi2 cosh vrmia sinh 7r/3 cosh 7r(a + /3) sinh 7rmi2 cosh 7rm23 sinh tt/? cosh 7r(a + /3) 



+ 



+ 



g27ri(am3+/3mi) g27ri(am3+/3m2) 



sinh 7rmi2 cosh vrmis cosh na sinh 7r/3 sinh 7rmi2 cosh 7rm23 cosh vra sinh 7r/3 

^g27rj(Q!+/3)m3 



cosh 7rmi3 cosh 7rm23 cosh ttq; cosh 7r(a + /3) 



(A.9) 



where := rrii — rrij. This can be put into the form (12.231) . This partition function is 
invariant under the following replacements of the parameters: 

mi o , 7712 ^ , rn3 ^ — . (A.IO) 

We have confirmed that the Tj2'j^'j']'[SU(4)] theory is self-mirror as is expected. 

A. 2 SU(M) Theory with N Flavors 



a mi ■ ■ ■ mj\j 








1 



N-M-l - 
2 ' 



Figure 12: SU(M) theory with flavors. A corresponding Young diagram is also shown 
with an assignment of the FI parameters. 



Next, let us consider T[Ar_M,A/][SU(A^)] theory, namely, SU(M) theory with A^ flavors. 
The corresponding quiver and the Young diagram are shown in Fig. [T^l The partition 
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function is given by 



daA\a) I ^ . (A.ll) 

Ua=i Ui=i cosh 7r{ai - m J 

One can integrate out CTj one by one picking up a single pole at nia + ^^Y^i (n = 0, 1, . . . ). 
Each pole contributes a term (_i)"^e-(2n+i)™ ^j^^^^ ^g^^ summed up to be 

^ for A^: even , ^ for TV: odd . (A. 12) 



sinh Tia cosh na 

Then we obtain 



^[T[Ar-M,M] [SU(A^)]] = \ p^^^Efi.rn. Yl sinhvrK-m,) 



i<j<M 

JJ^ sinh7r(ma — nib) ± (perm) , (A. 13) 



M<a<b 

where 



A(«) = 

This is reproduced by (12.231) . 



(sinhvra)*'^ for A^: even 

(coshvra)^ for A^: odd . 



B Inductive Proof of Z[Tp[S\]{N) 

Here we prove the expression for Z[T^[SU(A^)]] (12.230 when a = [1, . . . , 1]. The proof pro- 
ceeds by induction with respect to the length of the quiver, and computation is essentially 
the same as in the previous example in Appendix IA.2[ 

Suppose that (12.231) holds for Tp[SU(A^A/)], whose quiver is given by 

S\J{Nm) - U{Nm^i) - - U(A^i) . (B.l) 

We would like to show that (I2.23P is true for Tp/[Sl]{NM+i)], which has a quiver 

SV{Nm+i) - U{Nm) - U{Nm^i) - - U{N,) . (B.2) 

We begin with the expression for Z'[Tp[U(A^A/)]] (we neglect the overall normalization 
constant in this Appendix): 

Z|T,(U(A'„))|(.„,0 = -^^X(C)A(.m) • <''^^' 
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where we do not impose the constraint (TM,i = 0. We then have 

Z[T,,[S\J{Nm+i)]] = fdaMA^aM)-, rZ[T,[U(iVM)]](aM, Cp) , 

J c{aM — rriM+i) 

= A~77T / c?^A/A f ^ , 

Ap(C) J c[aM - rriM+i) 

where we used the notation of Appendix |Al We can evaluate this integral by closing 
the contour and summing up contributions from poles in the integrand. For an integral 
with respect to aM,i, the poles are located at cta/.i = ''7^4,fc + z(n + 1/2), where k E J : = 
{1,2,..., Nm+i} and n > 0. Due to the existence of A((Ta./) factor in the integrand (which 
vanishes whenever two o"M,i's coincide), we need to choose different /c's for different z's. 
Let us denote this by A; G /, where J is a subset of J such that |/| = Nm- The summation 
over an integer n gives 1/ sinh 7r(Cp)^(i) or 1/ cosh 7r(^p)u,(j) depending on whether Nm is 
even or odd. After evaluating the integrals we have 

J2 {-ly^i-iy e^^'^^^''"^'-^^<^^-(^) JJ sinh7r(mi-mj) 

I fGSjv.f i<j,i,jeJ\I 

Z[T,,[S\J{Nm+i)]] = 



A(m)A(C) 

where (—1)'^ is a sign defined by 

[-ly = (_i)#{{*.i)l*G^JGA^.«>i} 

and 



(B.4) 



A(C) := 



Ap(C) nie/Sinh7r(Cp)^(i) for Nm- even, 

Ap(C) nig/COsh7r(Cp)^(i) for A^m: odd . 



Now by expanding sinh into a sum of two exponentials, we have 

Y[ sinh7r(mi-m,) = ^ (_^)^'g2K*-*(-*) ^ 

i<j, i,j&J\I w*e6f^N^j^^_Nj^i) 

where m* = {mi)i^j\j and C* = (l^M±l^^M^i^ . . . ^ _ NM+i~NM~i -y therefore have 
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The sums over w,w* and / can be rewritten as a single sum over w' G &Nm+1} when we 
define C'=(Cp,C) 

Z[TJSV{Nm+i)]] = . . (B.5) 

^ ^ ^^^^ A(m)A(C) 

We can verify that coincides with (p/, and A(C) with Ap/(C). This is what we wanted 
to show. 



C A Consistency Condition for T^[S\]{N)] 

In this Appendix we prove that Z[T^[SU(A^)]] vanishes when [SU(A^)] is empty, that 
is, when the condition o""^ > p is not satisfied. 

In the expression for the partition function given in fl2.23p . we need to compute a 
pairing of two A^-vectors Co- and a permutation of ('p- Consider {i, a) and (j, a) in the 
same column a of cr and another two boxes {k, b) and {I, b) in the same column b of p. 
Then we can consider two possible pairing of these four boxes: (1) (z, a) with [k, b) and 
(j, a) with (/, 6) and (2) {i,a) with (/, 6) and (j, a) with {k,b). These parings are related 
by a single permutation, and the corresponding contributions cancel out in the expression 
f l2.23p due to the following identity 

g27n;[C{i,^)C('^^_^j+C(j,a)C(',,i,)] _ g27ri[C(i,a)C(',,i,)+C(j,a)C{fe,6)] ^ Q _ (C.l) 

This is shown by noting that ((^i^a) - C{j,a) e ^ and C(k,b) ~ ({i,b) ^ ^• 

This means that non-zero contributions are possible only when any two boxes in the 
same column of p pair up with boxes in different columns of cr. For example, let us denote 
the number of boxes in the z-th column of p (cr^) by rij (mj). Now rii boxes in the first 
column of p should all pair up with boxes in different columns of cr. This means a should 
have at least ni columns, namely mi > ni. Similarly, ni +n2 boxes in the first and second 
columns of p should be distributed to a in such a way that at most two boxes are in the 
same column of cr. This means mi + m2 > ni+n2. By repeating this we conclude > p. 

D The ^ — > Limit of (/-deformed Yang-Mills 

We here check fl3.13p for the known examples p = [1, . . . , 1], p = [A^ — 1, 1] and p = [2, 2]. 
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Firstly, the square of the normahzation factor A[i^,,,^i] is an inverse of the vector mul- 
tiplet contribution to the index. The /3 — ?■ hmit is given in (3.7) of [7] and it takes the 
form of fl37[3D . 

Secondly, (13. 9 p can be written as 



A 



[N-1,1] 



n 



(1 - a^gt+™)(l - a-^gt+™) 



reg 



n 



[m + f 



2 11 



(D.l) 



where [n]q := is the g-integer, and we have set = g*^. In the last line, we 

introduced a regularization to subtract a divergence in a manner that does not depend 
on ( . Then one can take /3 — ?■ (g — 1) limit and obtain 



A 



[N~l,l] 



n 1+ 



■m=0 



(m + f)2 



sinh vrC 



cosh vrC 



2 I 2^, 



n(c 

m=l 

N-l 

ri(c^+ 

m=l 



m 

2' 



Recall that U = diag(ag 



,aq 2 , a 



1-N\ 



and equivalently 



, C N-2 C N-2 
C[7v-i,i] = I ]^ ^ — ^' • • • ' ~ t; — C 



AT 



for : even , 

for : odd . 

(D.2) 

(D.3) 



and it follows that ( 1D.2|) can be written as (13.13^ . 
Finally, (I3.10p becomes 



Ai 



[2,2] 



n 

I L"" I 



[m + l]g [m + 2], [m + 2], 



[m + l]q 



(C^ + 1). 



^ sinh vrC ^ 

Here we set = g*^ and the above result is the same form as ( 13.13^ with 

C[2,2] 



(D.4) 



(D.5) 
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E Er, Invariance of the Partition Function 



Here we show that the partition function of 3d A/" = 4 quiver theory whose form is 
given by the En Dynkin diagram has En symmetry. As a preparation, let us consider 
^[Af,Af](SU(2A^)) theory, whose partition function is given in (lA.lSp . Let us spht the flavor 
symmetry U(2A^) into U(ni) x ■ ■ ■ x U(nfc) with '^n.j = 2N, and introduce FI and mass 
parameters /3j, rrij^aj {j = 1, . . . ,k,aj = 1, . . . , rij) which correspond to a factor e^'^*^^ 
with [rrij] = Xlaii "^j.a- Then the partition function is invariant under the operation 

(a, /3j) {-a, f3j + a) . (E.l) 

This represents the Weyl reflection acting on the FI parameters: let us introduce vectors 
V and Wj satisfying {v,v) = 2, {wj,Wj') = 26jji and {v,Wj) = — 1. We also package the FI 
parameters into a vector a satisfying a = {v, a) and /3j = {wi, a). Then the action ( lE.ip 
is the Weyl reflection with respect to v, 

a — R^d = a — [a, v)v . (E.2) 




Figure 13: Quiver of the rank-A^ version of the Eq theory. 

Therefore, for the E^ quiver shown in Fig. [131 the partition function has the invariance 
under the Weyl reflections which act 

(aj, Pi) — (— Oj, a + Pi) for a specific i, (E.3a) 

(ttj, 7) — > (oj + — /3, 7 + Pi) for a specific i, and (E.3b) 

(7, /32, Pz) ^ (-7, A + 1,P2 + 7, Pz + l) ■ (E.3c) 

They generate the affine Weyl group of Eq acting on ai,2,3, /3i,2,3 and 7. The affine shift 
corresponds to the FI parameter of the diagonal, completely decoupled U(l) and does not 
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matter. Thus we conclude that the partition function is symmetric under Eq, which is not 
manifest in the UV Lagrangian description. Similarly, we can show the Ej^s invariance of 
the partition function of the quiver of the form of Dynkin diagram of -^7,8- 

In general, it was argued in [1] using the property of the monopole operators that 
the flavor symmetry of the Coulomb branch of a 'good' SU quiver theory is given by the 
group whose Dynkin diagram is given by the sub-quiver formed by the 'balanced' nodes 
of the quiver. This statement can be proved at the level of the partition function using 
exactly the same argument as above. 
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